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Fear not to touch the best.
Sir Walter Raleigh, * 'The Lie"

Introduction

THERE is a lively branch of applied mathematics, which
will here be called "optimization" and which attempts to

choose the variables in a design process so as formally to
achieve the best value of some "performance index" while
not violating any of the associated conditions or "con-
straints." This discipline has its modern roots in work of
Newton, the Bernoullis, and Euler. But such stories as Dido's
founding of Carthage (see p. 11 of Wilde1) suggest that the
Greeks knew a lot about it too. For an excellent historical
survey, in the context of the closely related calculus of
variations, see the little book by Bliss.2

The author confesses to a fascination with many aspects of
optimization—an attachment perhaps not fully justified by
the level of its current acceptance as a routine tool of
engineering. Nevertheless, the published literature of the field
is enormous. For example, a keyword search of just five files
from Lockheed's DIALOG bibliographic indexing system,
covering various periods between 1964 and 1980, yielded
journal articles, reports, and dissertations in the following
numbers: 4550 on optimal control, 2142 on aerodynamic
optimization, and 1381 on structural optimization, for a total
of 8073 aeronautically related titles. All this published
research is complemented by surveys, texts, and reference
books far too numerous to cite. Among these latter
documents, Refs. 1-17 proved particularly interesting and
helpful for preparing this paper.

As a goal appropriate to a diverse audience of aeronautical
engineers, the one selected here is to assess the degree to which
the "technology of the best" has contributed practically to the
design and operation of vehicles which fly in the atmosphere.
How this goal was approached will be described below, but
Table 1 serves to emphasize the breadth of what was un-
dertaken. There may be one or two omissions, but the table
attempts to list the disciplinary areas of aeronautics wherein a
significant number of applications have been published. The
division into categories involving continuous or discrete
mathematical formulation is convenient, albeit arbitrary and
not necessarily inclusive. Thus the concept of "multistage"
systems (see Bryson and Ho,3 Sees. 2.2, 2.6, 6.10, and others)
is intermediate between the two; any approximation to a
continuous problem by numerical integration, digital

realization, or series superposition in effect shifts it to the
multistage or the discrete category.

The entries of Table 1 do not even embrace the whole of
aerospace. Such purely astronautical applications as optimal
orbit transfer and spacecraft guidance are bypassed because
of the paper's aeronautical context. It is furthermore worth
mentioning that formal optimization seems to have had a
comparatively greater role in fields such as economic
modeling18'19 and chemical engineering1'8'20 than in
aerospace. This is probably because the near linearity of the
input-output matrix and of the approximate relations
describing refinery and chemical-plant operation facilitate the
use of "linear programming,"21 which was a very early
triumph in the search for the best. Various branches of
mechanical engineering (e.g., Ref. 22) and even recent
automotive design23'26 can be added to this partial
enumeration of candidates for the applied optimizer.

Wilbur, Orville, and the Optimum
The Wright Brothers were well versed in the engineering

mathematics of their time, but optimization as understood
today would have held little attraction for them. One can
imagine that they would soon have realized the dangers of
powerful but obscure and unverifiable analysis applied to the
shaky, imprecise data available to them regarding structural
strength or the airloads on a wire-braced biplane. They might
have anticipated a need for the sort of voluminous com-
putation that is taken for granted today. They would have
recognized the hopelessness of multivariate optimization
without it. Nevertheless, the history of technology records few
seekers of practical perfection who match these dedicated
men.

Especially in the early days when the "Flyers" were
evolving, the Wright papers (Ref. 27; see also Baker28) teem
with instances where the finest available technology is pur-
sued. All four pillars of aeronautical design are represented:
control, structures, propulsion, and aerodynamics. Many
writers (e.g., Combs29) have quite correctly highlighted the
inspired attention to flying qualities, including effective
control about all three axes of vehicle rotation. Yet the
present author is equally impressed by the investigations on
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Table 1 Aeronautical fields where formal optimization has been applied

Continuous representation (function space) Discrete representation (vector space)

Flight trajectory optimization (single vehicle)
Combat encounter (two vehicles)
Guidance, navigation, control system optimization
Airfoils and bodies of minimum drag, etc.
Simple structure of minimum mass with static design conditions
Simple structure of minimum mass, dynamic, and aeroelastic conditions
"Distributed-parameter system" (e.g., two-dimensional structures)

Wing shapes for maximum L/D, etc.
Optimal sizing of launch-vehicle stages
Complicated structure of minimum mass, static design conditions
Complicated structure of minimum mass, dynamic,

and aeroelastic conditions
Complete vehicle configurations for minimum mass, D.O.C., etc.

lifting surfaces and their adaptation to wing and propeller
design. Everyone knows about the Wright's October 1901
wind tunnel. Not so familiar is that this instrument was used
for accurately measuring the variations with angle of attack
of lift L and drag-lift ratio D/L on nearly sixty wing
models—in monoplane, biplane, and triplane combinations.
These models are described on pp. 550-573 of the papers27;
measured data appear in Tables I, II, and III of Ref. 27.
Camber, aspect ratio, and other aerodynamic parameters
were varied in a systematic fashion.

Of the model tests Wilbur says in his Dec. 15, 1901, letter to
Octave Chanute, "A study of the series plates quickly
discloses the general principles which govern lift and
tangential* and thus renders the search for the best shapes
much easier." Putting their philosophy into practice, the
brothers selected Model No. 12 as the basis for the design of
their 1903 "Flyer." With aspect ratio 6 and 5% camber, this
model attained a maximum L/D of about 9.5 at 5-deg angle
of attack. It indeed achieved the "highest dynamic efficiency
of all the surfaces," as reported by Wilbur. From some 510
test points in Table II of Ref. 27, this L/D is the greatest.
Could not the choice of this wing then be characterized as
optimization by exhaustive search of parameter space?

On Plates 131-141 and pp. 594-640, Ref. 27 tells the ex-
traordinary story of how the Wrights developed and applied
what amounts to the first combined momentum and blade-
element theory of propellers. This work resulted in a
propulsion system of unparalleled mechanical efficiency. For
instance, on the 1907-1909 series of machines, with the
familiar large-diameter, counterrotating propellers, the ratio
of thrust power to engine brake power has been estimated in
cruise at between 71 and 16%. Koppen30 has stated that these
values exceed the efficiency of any other aircraft propellers
flown prior to World War I. On their models of the period
1909-1911, the brothers even incorporated a modest
sweepback near the tips. Thus they adapted a favorable
aeroelastic phenomenon to minimize twisting under load.

Some Generalities: The Program of This Paper
Figures la and Ib present one viewpoint of how op-

timization might fit into the practice of aeronautical
engineering. For purposes of this morphology it seemed
convenient to make a separation between the optimum design
of a new vehicle or portions thereof, on the one hand, and the
best way to employ an existing vehicle or system on the other.
Up to a point in the process, Fig. la merely summarizes how
any engineering team would go about meeting a specification
or developing operational procedures.

No self-respecting designer likes to admit that his product is
not, at least in some pragmatic sense, the best. Proposals and
tradeoff studies are full of charts which show the chosen
configuration to fall at the peak of an efficiency curve or the
valley of weight or cost plotted vs some key parameter. These
curves are, in fact, the results of one-dimensional op-
timizations. The engineering decision makers' lot would be
much easier if a sequence of such unidirectional searches

*'Tangential" was a term used for the angle indicated on the
Wright's drag-lift balance. When added to angle of attack, it gives the
equilibrium glide angle or tan ~ l (D/L).
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TO DESIGN A NEW SYSTEM
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DESIGN A PART
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motion)

a)

SELECT ONE OR MORE
SUITABLE SEARCH ALGORITHMS

COMPROMISE WITH
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(e.g., adapt for
manufacturing)

b)

Fig. 1 Morphology of optimization in aeronautics.

usually generated a good approximation to a single
multidimensional search over all the important independent
variables. Unfortunately, this is often not the case, as
illustrated by Schmit's31 findings about fully-stressed design.
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At times formal optimization yields highly counterintuitive
discoveries. Certain examples discussed below demonstrate
that these surprises may occasionally have a certain utility.

If a commitment is made to the formal approach, however,
then at some juncture the job must be reduced to a deter-
minate mathematical statement. The author's investigations
reveal that this may be the stage where engineering judgment
and experience attain their greatest importance. It is definitely
not just a matter of rolling everything up into a welter of
equations and letting the computer grind out the answers. In
the case of structures, for instance, the topology and general
layout of members, boundaries of the volume to be occupied,
the choice of material systems, the modes of failure, and the
loading conditions likely to be most significant are all matters
which are usually addressed as part of the formulation rather
than the solution. The most appropriate performance index is
not always obvious, especially in connection with vehicle
operation or preliminary design of a new system.

Further mention will be made in what follows of the keen
disappointment felt by many specialists because their theories
have received so little practical application. This phenomenon
is frequently attributed to a reluctance by developmental
engineers to adopt unfamiliar and untried methods of
analysis. Accepting this as a partial explanation, one can
further speculate that the difficulty of efficiently formalizing
a realistic design or operational question may be another
source of discouragement. Today it requires much more
knowledge and understanding on the user's part to exercise
successfully a package of optimization software than, by
comparison, to stress-analyze a complicated structure by
means of a finite-element code. Furthermore, it often turns
out that failure to enforce properly even one or two key
constraints may lead to pretty outlandish results.

It is hard to find a better summary of the statement and
solution of discrete-variable optimization problems than
Schmit's 1977 AIAA Structures Design Lecture.32 Among the
set of quantities needed to define a system, he first designates
as "preassigned parameters" those that are fixed at the
outset. The "design variables" (called in different contexts by
other names; e.g., "control variables") are those quantities
that are changed during the modification procedure which
seeks an optimum. These N real numbers are conveniently
written as an NX 1 vector D. Recognizing that only a single
scalar! can be optimized at a time, one must devise a per-
formance index M, which is a single-valued function of D.
Because of the possibility of changing its sign or inverting, M
can always be chosen so that the goal is

M(D) —• minimum

The search must be carried out in an TV-dimensional space
populated by Q barriers, which quantify the constraints. At
least "in a rather general class of structural synthesis
problems," Schmit observes that these can be formulated as
Q functional inequalities,

Certain of the functions gq may be as simple as linear
relations that enforce minimum- and maximum-gauge
constraints on the cross-sectional dimensions of members. In
aeronautics, however, the set is almost sure to contain some
complicated and perhaps implicit functions of Dy demanding
considerable machine computation for their evaluation. With
structures again used for illustration, there may be constraints
on strength and stability associated with failure modes under
various conditions of loading; limits on deflection at specified

fThe concept of "multicriteria optimization," see Stadler,33 would
seem to contradict this statement, but in fact what it appears to do is
construct a single performance index by some functional combination
of quantities representing benefits and disbenefits.

stations; lower bounds on frequencies of free vibration;
requirements about the avoidance of such aeroelastic in-
stabilities as flutter; etc.

Lest this discussion seem too slanted toward the structures
field, however, it is noted that several other examples in Table
1 can be cast into a similar format. Thus one might seek to
apply linearized aerodynamic theory for synthesizing the
paneled camber surface of a wing of given planform flying at
given speed and altitude. The performance index might be
LID at a prescribed lift coefficient CL. Inequality constraints
might be placed on the percentage camber and the distribution
of twist, on the pitching moment at zero lift because of trim
considerations, and perhaps on the camber-line slopes along
the leading and trailing edges.

In Fig. la a distinction is made between governing physical
principles, like the laws of statics and dynamics, and con-
straints per se. Both of these are brought together in the
development of the more complicated among the constraint
functions gq. It is only in such trivial instances as minimum-
gauge that a constraint is just the arbitrary result of an
engineering j udgment.

Schmit32 and all of the previously cited textbooks contain
catalogues and comparisons of the "various approaches
employed in the quest for improved and/or optimum
designs." It will come as a surprise to some readers that the
present paper devotes little attention to that crucially im-
portant subject. One acknowledges vast opportunities for
both fundamental research and practical improvements.
Here, however, the viewpoint is adopted that, once a problem
is reduced to feasible magnitude and properly posed, accurate
and efficient means will be at hand to compute at least a
locally optimal solution. Enough surveys, competitive
analyses of test cases, and the like are in the literature to
justify this claim. Furthermore, it is known that a certain
amount of optimization software is available to the engineers
at every major air frame manufacturer in the free world.
Skilled specialists are also on hand, if only they are called
upon, to assist with applications far more numerous than
those actually carried out today.

Figure Ib completes the summary of steps begun in Fig. la.
It is believed that they are similar enough among the classes of
optimization identified in Fig. la that only a single sequence
serves to cover all three. If one assumes a well-formulated
synthesis task and a satisfactory search, then engineering
judgment and experience must again be invoked to evaluate
and adapt the optimum vector Dopi. A mathematical issue
that is sometimes slighted in practice concerns whether Dopt is
a true minimum for a function M(D) and whether that
minimum is "global." There are well-established tests
associated with the second variation of M (see Chap. 7 of
Bryson and Ho3 or Chap. 15 of Leitmann4). Being generally
difficult to apply, however, these criteria are frequently
ignored when the design looks reasonable and useful. It is left
to the experts to argue the merits of such an oversight.

More significant for the working engineer are the practical
assessment, the checking, and the review of his brainchild by
superiors on the design team. If these "gates" are successfully
passed, then one expects that Dopi will become part of the
configuration or be incorporated into operational procedures
in the same way as any improvement generated by other
logical means. It must also survive the gauntlet of ground
testing, reliability demonstration, flight verification, and the
like without further special attention.

One additional remark is offered on the subject of rigor.
Perfectionists among those specializing in the field deplore
using the word "optimal" to describe the results of searches
wherein certain mathematical formalities are disregarded
and/or such convenient approximations as variable-linking
are employed to speed convergence or to reduce the volume of
computation. Indeed, this is more than just a question of
semantics. The operative facts for engineering utility,
however, are that designs produced in such "suboptimal"
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ways are often superior to those produced by standard
methods, notably in cases where rigorous optimization might
be impractical. In structures, for instance, even putting
together a sequence of fully-stressed designs for multiple
loading conditions—a practice which has been discredited,
and rightfully so, when there is a great deal of indeterminacy
(see Petiau and Lecina34)—may furnish a very satisfactory
alternative to the trial-and-error product of the stress-man at
his board or console.

As a preliminary to writing this paper, the author scoured
available sources in the hunt for genuine (vs hypothetical)
aeronautical instances of applied optimization. Memory and
the literature were, of course, exhaustively scanned. Forty-six
friends, colleagues, and specialists in the technology received
two-page letters, with return forms requesting data on
"successful practical applications...to aeronautical
problems." Innumerable telephone calls solicited further
examples or details regarding cases already in hand. Oc-
casionally, but not to an extent that would affect the principal
conclusions, roadblocks were encountered owing to military
classification or company proprietary considerations.

In a word, the response to this survey proved over-
whelming. The expressions of interest and encouragement
were a welcome stimulus. More than three-quarters of those
contacted replied in extenso. But the yield of examples which
met the criterion of having been incorporated into a vehicle
that actually operates in the Earth's atmosphere was pain-
fully, perhaps shockingly small. The original intent was to
require that every example summarized in the main body of
the paper pass this test. Some compromise has been necessary,
as will be seen. Nevertheless, more than half of all genuine
cases discovered in the literature or the survey are included

*here. (This count excludes a few specialized applications like
the use of linear quadratic synthesis for state estimation.)

Some quotations from typical respondents may help
readers to understand the dilemma:

From an engineer experienced in civil and
aeronautical structures, "One of the reasons that
I stopped work in optimization was my dismay...
that there were so very few applications."

From a Dean of Engineering who has known
the field for over a quarter century, "I do not
recollect any applications."

From a foremost specialist on synthesis with
aeroelastic constraints, "I am sorry, but I don't
really have any...."

From a recently retired senior design engineer,
describing events at his aerospace company, "For
15 years I beat my head against a stone wall...
The end was: formal optimization techniques
were never used in aircraft design (even to this
day!). The company was forced to use [them] in
its subsequent ICBM and space programs."

From an interview with a distinguished
European aerodynamicist regarding wing design,
"Numerical optimization techniques were being
used to some extent in prefeasibility studies, but
he was unable to produce any specific or
refer enceable material."

The obverse of this tarnished coin contains two bright
spots. First, one can experience true excitement from studying
several of the cases that have been unearthed. Unforeseen
solutions reward the dedicated optimizer, as do occasional
dramatic gains over the traditional approach. Second, there
are countless "paper" investigations, for which citations are
omitted here because of space limitations, but whose promise
for improved efficiencies of many different kinds deserves far
greater recognition by line engineers than it has received
hitherto.

A Few of the Possibilities, as Explained
with a Simple Truss Design

With the valuable help of Stanford doctoral candidate P.
Hajela, the author has explored some variations on an
elementary problem in structural synthesis. The aim is to
illustrate, for the nonspecialist, typical aspects of op-
timization. This approach and the choice of an initially
determinate truss were inspired by a similar study35 made
once by Pedersen for the AGARD Structures and Materials
Panel.

The planar truss of Fig. 2 might be thought of as sym-
bolizing half of an airplane wing, with the distributed lift
replaced by an "equivalent" force F near the tip. The
fourteen bars have solid circular cross sections and are
connected to one another and to a rigid base by ideal pin
joints. The material is aluminum alloy with density 2.8 x 103

kg/m3 and limit stress 2.45 x 108 N/m2 in both tension and
compression. As in many structural applications, total mass
is to be minimized through the choice of the member areas
while insuring no failures under the given loading.

The analysis is simplified by assuming that the effects of
nodal displacements on internal load distribution are
negligible. Consider first a high tip force, F=2x 106 kg or
19.6 x 106 N. The original structure is nonredundant, so the
tension or compression in each member can be calculated by
standard methods (see Chaps. 6 and 7, Housner and Hud-
son36). It is obvious that the lowest mass is achieved by
working every bar at its limit or allowable stress. As shown in
Fig. 3, the corresponding total is 18,200 kg.

i
Fig. 2 Planar, pin-jointed truss used to illustrate optimal structural
design. Each bar has solid circular section. Single load F applied at
tip.

MASS= 754 kg

Fig. 3 Four minimum-mass trusses with different tip loads. (See text
for details. Bar thicknesses give only a qualitative sense of cross-
sectional dimensions.)
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This is an example of fully stressed design. Such cases of
uniform strain energy are often called "Michell structures,"
after the author who introduced the concept of the optimal
frame to support a single set of loads (Ref. 37; see also
Hemp38). One should remark, however, that Michell's in-
vestigation actually relates38 to patterns of "tension and
compression members continuously distributed through a
region" or prescribed bounding volume. By thus en-
compassing the layout and topology of the structure as well as
individual member areas, he goes well beyond simple trusses
composed of a preassigned set of rectilinear bars.

Returning to the present example, one imagines F to be
gradually reduced, with the optimal bar areas and the total
mass decreasing in direct proportion. This process leads
through a sequence of meaningful optima until F falls to
about 106 kg, whereupon an event depicted in the second
sketch of Fig. 3 takes place. Here the four members carrying
the lowest compressive loads reach the Euler buckling limit
for a pin-ended column. The design's validity begins to be
endangered by the appearance of a linear, elastic instability. %

It is incidentally remarked that the solid members' ability to
withstand compressive stress depends on their areas A,
whereas their buckling loads are proportional to A2.
Therefore reducing F moves each optimal compression
member in the direction of instability. This is why more ef-
ficient thin-walled cylinders were not used in the example;
such a truss would have its elements sized always by strength
or always by buckling, independently of the magnitude of F.

Let F be fixed at 40 x 103 kg for the rest of the cases. As
shown in the third sketch, uniform bars whose areas are
determined either by buckling (marked b in Fig. 3) or by
strength (all others) have a total mass of 833 kg. The next
refinement is to replace those uniform b-bars by members of
variable circular cross section but determined, by distributed-
parameter optimization, to have minimum mass for given
compressive load with combined buckling and strength
constraints. The Appendix supplies the details of this design,
which results in a partially tapered configuration having
maximum diameter at midlength. The new optimal elements
allow a further reduction in the truss's mass to 754 kg—a
9.5% improvement, but one to be paid for by the added cost
of manufacturing the noncylindrical shapes.

Figure 4 presents four more attempts at refinement, two
where additional members are inserted and two where the
four lower nodes are allowed freedom to move vertically.
Four more design variables obviously enter the calculation in
the latter case. Since the trusses with extra bars are in-
determinate structures, something more complicated than the
foregoing approach is required. The search procedure actually
employed was one wherein a nonlinear programming
algorithm was associated with finite elements in a format
suggested by Sobieski and Bhat.39 The cumulative constraint
formulation of Hajela and Sobieski40 was also adopted.
Piecewise linear approximations were applied to the per-
formance index and the constraint values in order further to
simplify computations.

The best of these four improvements bring the mass down
near 700 kg. There is an interesting consequence of adding
three redundant diagonal bars: when the optimum is reached,
one of the original bars (dashed in Fig. 4) turns out to make
an insignificant contribution to the structure and can
therefore be omitted. In the lower two cases where nodes are
given freedom to move, only rather small displacements occur
from the original positions. This is because the reference
layout is already quite efficient. As the nodes proceed
downward, the capacity to carry bending moment increases as
a consequence of greater depth. But the inevitable tradeoff

4* lCTkg

MASS=690 kg

Fig. 4 Four minimum-mass trusses, with same tip load but different
configurations. (See text for details.)

soon limits their excursions because the members in com-
pression lose effectiveness on account of their increased
length.

Actual and Potential Aeronautical Applications
Prize that which is best in the universe; and this is that which useth
everything and ordereth everything.

Marcus Aurelius, "Meditations," v. 21.

Aerodynamics and Propulsion
The book edited by Miele6 remains both a useful text and

survey, as of 1965, on aerodynamic optimization. It is a pity
that elegant and often practical solutions of the sort which
populate every chapter have contributed so little to applied
aeronautics. For instance in Chap. 12 of Ref. 6, Hayes
summarizes what was probably the first ''modern" optimal
design: Newton's use of his famous formula, giving the
pressure p on a surface inclined to an airstream, for deter-
mining the body of revolution with minimum pressure drag,
fixed length /, and fixed base diameter. His approach helped
to establish the foundations of variational calculus.

Hayes points out that the Newton foqnula is, in effect, a
measure of momentum exchange with a diffusely reflecting
cold body and is a good empirical approximation for the
windward portions of convex shapes in hypersonic flight. It
reads as follows in terms of atmospheric pressure and density
Pn and p^, airspeed K, and angle 6 between the flight
direction and the local normal to the body surface:

p-p00=p00V2cos26 (Nl)

Eggers (Chap. 6 of Ref. 6) plots in his Fig. 4 the dimen-
sionless contours of the optimum bodies for five values of
fineness ratio. His review also contains key references and
"Newtonian" shapes appropriate to other constraints, like
prescribed diameter and volume. § One curious finding is that

$It is well known that to permit simultaneous instability of two or
more members yields an unsatisfactory design, very sensitive to im-
perfections. This fact does not, however, destroy the usefulness of the
truss as an illustrative example.

§Eggers et al.41 published a definitive paper, whose measured data
verify clearly the superiority of the optimum shapes over cones, etc.
Their mathematical approach is through classical calculus of
variations.
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NOSE

a) Realistic (D= DOPT)

N rings

Fig. 5 Two minimum-
drag bodies of revolution,
designed for fixed ratio of
length to base radius by
Newtonian impact theory.
In part b, unrealistic strong
variations in r(x) are per-
mitted.

b) Highly Unrealistic (D—-

the original family all have flat forward faces, which are met
at a 45-deg angle by their curved portions, as in Fig. 5a. This
is in contrast with other optimal hypersonic figures and with
linearized-theory results for lower Mach numbers, most of
which are pointed at x = 0.

In addition to their historical significance, it seems clear
that these solutions have played at least a qualitative part in
the design of hypervelocity rifle bullets. Their derivation also
nicely illustrates the requirement for engineering judgment to
avoid mathematically correct but meaningless distractions.
Thus, if one omits the flat face, the drag D corresponding to
Eq. (Nl) for a body of radius r ( x ) can be written in the
alternate forms

D

(N2)

Suppose that one does not require dr/dx to be monotonic or
non-negative and further admits of "strong variations" when
applying the calculus. One can then devise a jagged body (Fig.
5b) with a spiked nose and N V-shaped, concentric rings
resembling a Fresnel lens. It can be adjusted, for large N, so
that on each ring

dr
dx

(N3)

Then in the limit as TV—oo, one will find that Eq. (N2) yields
zero drag!

Easy to overlook but nevertheless an example of formal
optimization is the next aerodynamic discovery in historical
order: the untwisted wing of elliptical spanwise chord
variation, which is predicted by lifting-line theory (Prandtl,
Sec. IID, Ref. 42) to develop minimum induced drag for a
given lift at all angles of attack. PrandtPs planform had
obvious influences on the design of early monoplane wings,
the Boeing P-26, Supermarine Spitfire, and Republic P-47
Thunderbolt being among the easiest to identify. The second
of these fighters, whose maiden flight occurred in March
1936, was described at the time43 as "the fastest military
airplane in the world." It later became one of the
technological heroes of the Battle of Britain. The Spitfire
evolved from its manufacturer's experience with Schneider
Trophy competitors. It boasted many advanced features,
including stressed-skin aluminum construction that achieved a
remarkably low structural-weight fraction.

The elliptic planform is less producible than a developable-
surfaced wing. It is therefore convenient that the unswept,

trapezoidal shape with approximately 2:1 taper ratio can get
nearly the same aerodynamic performance/Many subsonic
aircraft of the decades following 1930 took advantage of this
fact.

In low-speed propeller theory, there is an optimally ef-
ficient analog to the elliptic wing. This is Goldstein's
solution,44 whose helical vortex wake is predicted to move
backward through the fluid as a rigid surface just as the
elliptic wake is convected vertically in planar fashion by its
own down wash. Despite an effort by Theodorsen45 to extend
the Goldstein design from lightly to heavily loaded propellers
and to encourage its use, the author has found little evidence
of its influence on configurations in actual operation.

Subsonic, transonic, and supersonic potential-flow
aerodynamic theory has supplied the analytic foundations for
optimization studies on fuselages, wings, etc., in a variety of
circumstances/One of the earliest such results is the "Sears-
Haack body," which is the doubly-pointed axisymmetric
shape of minimum supersonic wave drag for given length and
volume (see Sec. 4.1, Chap. 7 of Ref. 6). Although details
have not been published, some variant of this body in-
fluenced46 the evolution of Convair's series of delta-wing
fighters. It is documented47 that the "area" or "equivalence
rule" (e.g., Whitcomb48) was able to cut transonic drag rise
almost in half when used to improve the sectional area
distribution S(x) of the prototype F-102. By narrowing the
fuselage along the wing root and adding a bulge near the
trailing edge, Convair produced the F-102A. It was when F-
102A was modified into the even-higher-performance F-106,
however, that aerodynamicists46 employed results like Sears-
Haack as a qualitative standard of reference for further
revising S(x) toward the optimum. Both transonic and
supersonic area rules (see, e.g., Lomax and Heaslet49) at
several Mach numbers up to two provided effective S ( x )
distributions for comparison purposes. F-106 remains the
backbone of U.S. manned continental air defenses today.

Since about 1968, codes have been available which, given
the motivation, could serve to synthesize lifting surfaces and
wing-body combinations under various choices of per-
formance index and practical design constraints. Typical of
the first generation is that described by Hague et al.50

Although it is asserted that these methods were involved in
such diverse, applications as to improve the stall charac-
teristics of Cessna's T-210L Turbo Centurion and to shape a
proposed wing-root fairing for the stretched C-141B trans-
port > no documented example has been found of a fully
optimized wing installed on an operating vehicle.

Among comprehensive studies which have recently been
reported relative to lifting surfaces, two are chosen as
representing the possibilities of the formal approach. Haney
and Johnson51 developed and wind-tunnel tested two can-
didate wings to improve transonic drag of the A-7 attack
aircraft. On a preselected planform at given Mach number
and incidence, their procedure adapts an optimization due to
Hicks and Henne.52 It works by revising sequentially the
airfoil sections at several spanwise stations so as to minimize
the error-squared between prescribed, favorable chordwise
distributions of upper- and lower-surface pressures and actual
pressures predicted by a three-dimensional transonic code.53

Design variables are twist angle, trailing edge camber, and the
coefficients of twenty-two shape functions at each of five
locations on the semispan. Other details are furnished in Ref.
51.

Figure 6 shows the projected shapes and other information
on the original A-7 wing, the first alternative which has a
nearly identical planform, and the second whose aspect ratio
is increased from 4 to 5. Figure 7, picked from the many types
of data available in Ref. 51, summarizes for two lift coef-
ficients the drag reductions and "drag-break" Mach numbers
achieved by the two redesigns. No decision has been made to
incorporate such modifications into A-7 production or to
replace wings of existing aircraft.
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A-7 WING
AR = 4

SWEEP-35°
T/C = .07

WING NO. 1
AR =4
SWEEP = 35°
T/C = .12

WING NO.2
AR = 5
SWEEP = 20°
T/C = .09

Fig. 6 Plan views and other details for original A-7 wing and two
reduced-drag substitutes designed by Haney and Johnson (Ref. 51).

References 51 and 52 and similar numerical schemes seem
likely to become a significant tool for preliminary design of
unconventional vehicles which require maximum per-
formance in the vicinity of Mach 1. Obvious candidates are
the forward-swept (FSW) fighters under development by
several manufacturers for USAF and DARPA. Wilkinson54

mentions a "drag minimization procedure which has been
used extensively by our Aerodynamics Group on the...
program and, also, on the CDAF and VTX programs."
Outlined in a Grumman memo,55 it adapts Lamar's vortex
lattice theory56 to estimate profile as well as induced drag.
For a close-coupled pair of surfaces like the wing and
stabilizer of a FSW, it minimizes total drag for specified lift,
trimmed e.g. location, etc. One result quoted in Ref. 55 is a
40-count drag reduction at Mach 0.9 and CL=0.9 due to
reshaping a typical FSW research model.

Aerospace propulsion systems, because of their complexity
and the numerous variables available for selection by their
designers, would seem to offer another rich field for applied
optimization. Opportunities arise both during the initial
aerodynamic and structural configuration of a new engine
and in connection with improving the control and efficiency
of an existing machine. Among the many interesting
theoretical studies that have been published, one can cite a
comparative evaluation57 of nine different procedures for
predicting the best vane and bleed settings in a multistage
axial compressor. The authors incidentally found distinct
advantages for Vanderplaats' CONMIN58 method of feasible
directions—the same code that was used in Ref. 51.

Recently Rao and Gupta59'60 examined the minimization of
aerodynamic losses in one stage of an axial gas turbine. Also
by means of CONMIN, Hearsey61 demonstrated how savings
ranging between 5 and 15% might be achieved in the energy
consumption of the NASA Ames Research Center 11-ft
Transonic Wind TIL. nel. Some of his recommendations and a
program ACL300 wnich he prepared were, as of Spring 1981,
being applied for rebuilding the stators and otherwise
modifying the tunnel compressor.62

As for large liquid rocket motors, a report by Hague et al.63

appears to represent the first attempt at using optimal search
to alleviate combustion instability while attaining high per-
formance. It is said to have been employed during the
assessment of competing designs for the Space Shuttle Main
Engine.
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Fig. 7 Dependence of drag coefficient on Mach number, measured
at two values of lift coefficient for the wings of Fig. 6.

In 1977 De Hoff et al.64 reported on the first phase of a
comprehensive investigation aimed at designing and testing
advanced digital controls for the F100 turbofan engine, which
powers the F-15 and F-16 fighters. As can be inferred from
Table T-l of Hill and Henderson65 there are difficulties with
transient and cyclical behavior of the current F100 that make
it an attractive candidate for sophisticated control enhan-
cement. Based on the optimal concept of the linear quadratic
regulator (LQR; see Bryson and Ho,3 Sec. 5.4), the Ref. 64
system aims for both efficient steady-state operation and
smooth transients within constraints set by stall, surge,
permissible temperatures, and the like. In addition to
demonstrations on simulators, it was successfully applied to a
full-scale F100 in an altitude test cell at NASA Lewis Research
Center. It also serves as the foundation for ongoing work by
the engine manufacturer and various air frame contractors,
which one hopes may ultimately lead to significant per-
formance and life improvements for well over one thousand
F100' s now in the inventory.

Flight Trajectories
Aircraft trajectory optimization formed one of the earliest

foci of modern research, and it remains a productive con-
temporary field. Prior to World War II, work centered on
minimum consumption of fuel or minimum dollar ex-
penditure during the cruise portions of commercial flights.
The post-war history of small-scale attempts to do this for
piston-engined aircraft has been summarized by McLean.66

Optimum flight planning ceased to be a matter of hand
calculation, however, when jet propulsion was introduced
(1958 in the U.S.). The new airplane-engine combinations had
the property that altitude for maximum true airspeed no
longer coincided with that for minimum fuel flow—not to
mention difficulties with meteorological conditions near the
tropopause.

Then Director of Flight Performance for American
Airlines, McLean67 was responsible for implementing the first
computerized optimum flight planning. The original
American system built up about 200 domestic routes from 220
point-to-point segments. Forecast temperature and wind data
were stored so as to permit the synoptic calculation of roughly
100 plans for each city pair, involving ten or more altitudes
and several ground tracks. The three best were identified and
offered as a choice to the flight crew. Of numerous available
performance indices, minimum direct cost subject to meeting
schedule was the one most commonly specified. Taking
advantage of favorable winds was the largest single cause of
improvements.
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McLean66 estimates that by 1965 this innovation was
already saving his employer some three million dollars yearly
in fuel alone. Such economies have, of course, grown many
fold as energy prices rose and other airlines embraced op-
timization. R. Dixon Speas Associates pioneered automated
optimal flight planning for airlines operating over the North
Atlantic. Their use of dynamic programming (see Ref. 68;
also Ref. 3, pp. 131-147) increased the efficiency of the
required computations over what had previously amounted to
exhaustive search.

Until recently formal methods were concentrated on the
cruise portion of the airliner's trajectory, leaving the climbout
and descent phases as relatively short segments where Air
Traffic Control tends to supervise the flight anyway. For
cruise the classical range equation, modified for a jet
operating at fixed LID ratio in a constant-temperature region
of the stratosphere, gives the distance traveled through the air
as

(Rl)

Here V is the true airspeed, 7sp is the specific impulse in
seconds, andW0, Wl are vehicle weights at the beginning and
end of the segment, respectively.

Conventional wisdom (see p. 259, Ref. 69) accepts the
implications of Eq. (Rl) that a rectilinear path flown near the
peak value of V(L/D)Isp will always maximize the range for
a given amount of fuel consumed (no wind). This hypothesis
was recently shattered, however, by an amusing and highly
counterintuitive discovery due to Speyer (Ref. 70 and others).
By second-order variational analysis he identifies, under
reasonable assumptions on vehicle drag and 7sp, cir-
cumstances where "steady-state cruise for a long time span is
nonoptimal. " In Ref. 70 it is suggested that the least-fuel path
may be periodic. Because it is expected to constitute "a large
variation in state away from the cruise arc," no truly extremal
solutions are presented.

Breakwell and Shoaee71 went a step farther in 1980.
Assuming constant 7sp, and typical dependence of drag on
speed and altitude,t they calculated tracks involving
sinusoidal variations of speed, flight-path angle 7, and other
parameters which yield up to 3% advantage in fuel per unit
distance over steady "optimal" cruise. Figure 8 is adapted
from Ref. 71 to show the characteristics of a sample case. The
oscillation has a period of 4.7 min, slightly over twice the
airplane's phugoid period at a best speed of 296 m/s near the
tropopause (/zc = 10 km). The required changes in thrust
probably exceed what the engines are capable of. Even if the
passengers did not complain of accelerations varying ±15%
from 1 g, it seems likely that traffic controllers and those
responsible for gas turbine maintenance would object to such
deviations from the operational norm!

There are at least two respects in which flight planners
might improve their art beyond the level represented by Refs.
67 and 68: by introducing more efficient search algorithms
and, as mentioned above, by encompassing climbout and
descent in the optimization. The latter innovation is attractive
for short- and medium-haul flying, where in some cases the
cruise segment may not even exist. Erzberger and Lee72'73 in
1980 published a FORTRAN IV program, whose quick ac-
ceptance suggests that these needs are now being well met.
Their method, with details furnished in Ref. 73, employs
specific energy as the independent variable and range-to-go as
the principal state. Under prescribed constraints on engine
performance, the Hamiltonian approach yields optimal
energy histories (and associated thrust programs) for the
climb, steady cruise, and descent phases. At ranges less than
500 n.mi., however, the cruise may take place below optimal
altitude or may disappear entirely, depending on what thrust

1)Note, however, that transonic drag rise is omitted. The predicted
savings may disappear entirely in the face of greater realism.
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Fig. 8 One cycle of hypothetical reduced-fuel transport trajectory
due to Breakwell and Shoaee (Ref. 71) plotted vs horizontal distance.
Flight-path angle y appears at top. In lower plot, perturbations of lift
L, speed v, and altitude h are referred, respectively, to vehicle weight,
steady-cruise vc and scale height //=7.2 km.
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Fig. 9 Typical optimal flight path, computed by method of Ref. 73
for DC-10 transport. Note 10% fuel saving at a loss of only 2 min
compared to more conventional operation (dashed).

limitations are imposed. The user is offered a choice of
performance index through specification of the coefficients in
a weighted sum of mission fuel and time. This sum can be
closely related to direct operating cost.

Erzberger and Lee's first theoretical applications were to
the DC-10 and Boeing 727-100 transports. In representative
DC-10 applications over a 200-n.mi. route the minimum-fuel
trajectory saved 7-10% compared with previous practice.
Figure 9 was supplied by the authors and illustrates one of
these cases. The conventional and optimal trajectories were
both tried out on a piloted simulator; they are acceptable to
passengers and involve no unreasonable demands on the
propulsion system, crew, or ATC.

Schultz and Zagalsky74 and Calise75 are other recent
contributors to complete-mission flight planning. Although
no mechanization embodying the Refs. 72-75 concepts is yet
in operation, Burrows76 reports that they are to be im-
plemented in the Flight Management System under
development by Honeywell, Inc., for the Boeing 767. After
supplying meteorological data, the crew will be able to
generate optimal plans on a "real time" basis and, if desired,
engage the autopilot to fly the chosen trajectory.

Reference 76 also examines the influence of atmospheric
turbulence and describes the simulation of a small-amplitude
"cyclic cruise." The latter is of the sort discussed in Refs. 70
and 71 but believed to be more feasible. For a 727-200 the
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study produces one instance of additional cost saving, over an
optimum with a steady-cruise segment, of 0.4% resulting
from an rms altitude variation of only 180 m due to stepwise
throttle shifts every 25 s.

It is the field of dynamic performance, where high ratios of
thrust to weight and extreme maneuverability permit rapid
changes of or interchanges between kinetic energy and
potential energy of height, that promises to provide the
greatest opportunities for "getting the most" out of vehicles
in the atmosphere. Under the leadership of Leitmann, Bryson,
Kelley, and other dedicated theoreticians, this area of op-
timization research has been one of the most active of all since
the 1950's. The literature is full of interesting examples, such
as the supersonic interceptor and transport trajectories
presented in the survey by Falco and Kelley.77

In his quest for realism the author soon settled upon the "F-
4 minimum-time climb" of Bryson and Denham78 as an
initial illustration. Using realistic thrust and aerodynamic
data, they applied the steepest-ascent method to a four-state,
point-mass approximation. Angle of attack was the only
control variable; full throttle was specified at all times. Figure
10 illustrates the flight path from Ref. 78 which formed the
basis for a confirmatory trial by a Navy test pilot. It is in-
tended to achieve minimum time from a horizontal start at
Mach 0.38 and sea level to a horizontally constrained terminal
condition of Mach 1.0 at 20 km. The "downhill" in-
termediate portion of the trajectory from Mach 1.0 to 1.6 is
understandable because of high transonic drag and the engine
thrust characteristics, but such a maneuver nevertheless
contrasted sharply with previous practice.

The computed time in Fig. 10 is 332 s. When a F-4A was
first flown according to the schedule of Mach number vs
altitude (supplied on one small card), the climb was ac-
complished in 330 s. This is said to have represented a sur-
prising improvement over previous attempts.

Subsequently, optimization had a continuing influence on
the operation of F-4's and other fighters.**Thus Landgraf79

summarizes the results of a series of time-to-climb records by
stripped-down F-4B's during the spring of 1962, for which the
trajectories were developed by a program due to Hague.80

Final altitudes up to 30 km were attempted under less-
stringent initial and final conditions than Ref. 78. The time to
20 km was thereby reduced below 200 s. Hague81 remarks
that the code used in Ref. 80 was later employed in studies on
spacecraft orbits, maneuvering re-entry vehicles, cruise
missiles, supersonic transports, etc.

Both simplifications of the problem formulation and more
powerful mathematical tools have been added to trajectory
optimization throughout the 1970's, far too rapidly for
comprehensive citation here. Noteworthy in the latter
category are the concepts of singular arcs, singular per-
turbations, and matched asymptotic expansions. As regards
the former, the energy state approximation, which was first
proposed by Rutowski82 in 1954, has repeatedly demon-
strated its ability (e.g., Ref. 83) to facilitate the calculation of
practically important flight paths.

As Leitmann's 1962 survey84 reminds one, the use of
optimization on rockets and their trajectories is quite an old
discipline of aerospace engineering. Perhaps the earliest, and
surely a classic paper, is Malina and Summerfield's.85

Therein the optimal masses for the stages of a multistage
booster, intended to achieve a specified velocity increment for
a given payload in field-free space, are determined by discrete-
variable minimization. The performance index is total vehicle
mass; structural-weight fractions and engine specific impulses
are given for each stage. It is no accident that the relative
proportions of most modern space boosters conform rather
well to the recipes of Ref. 85.

20 1.00

30 9060

RANGE (km)

Fig. 10 Minimum-time flight path for F-4 fighter from sea level to 20
km, due to Bryson and Denham (Ref. 78).

When one explores the operation of ballistic missiles and
boosters, it seems clear that the formal approach has had
some influence, but appropriate documentation of actual
cases is sparse. An exception is the Atlas-Centaur vehicle.
Brusch86 describes Convair's procedures, which involve a
highly-constrained parametric optimization scheme based on
the method of multipliers. A detailed example of its ap-
plication for launching the FLTSATCOM communications
satellite is given by Tramonti.87 He explains how the program
CONOPT effectively maximizes the spacecraft on-orbit
weight under numerous conditions associated with safe
operation of the launcher from Eastern Test Range to
geosynchronous orbit. The author was informed88 that all
Atlas-Centaur trajectories are now optimized. The same may
also be true of current Fleet Ballistic Missiles and of USAF
ICBM's.

By contrast the first three booster families used in the U.S.
manned space program followed simple gravity-turn
trajectories, with allowance in the control logic for alleviating
loads due to wind shears and turbulence.89 The Space Shuttle
ascent has, however, been the subject of formal analyses.90'91

Again without documented confirmation, it is reported that
the work of Ref. 91 played a part in the design of flight paths
that will be employed during Shuttle operations.
Air-to-Air Combat and Differential Games

The theory of differential games (Isaacs92; Chap. 9 of Ref.
3) seems eminently suitable for such aeronautical applications
as the engagement between opposing fighter aircraft. Indeed,
under various approximations it has formed the background
for numerous studies, some of whose solutions possess ex-
traordinary richness. Thus Merz and Hague93 (see also Ref.
94) study two vehicles restricted to a horizontal plane and
turning at constant airspeeds. They calculate by optimal
strategies the relative initial configurations from which one or
the other can be guaranteed a "win," etc. As explained to the
author by Tonkinson,95 however, the one-on-one encounter
so oversimplifies the nature of actual aerial warfare that its
analysis cannot form an adequate basis either for the
evolution of tactics or the design of new fighters. There have
been efforts (e.g., Hague,96 which has limited distribution) to
determine optimal strategies for engagements involving
several combatants, but their introduction into operations is
believed to be a matter for the future.

On the other hand, there is a rather different route whereby
the concept of the best has affected fighter development in the
United States. Experience led to the identification of certain
standard maneuvers whose outcomes, when they are per-
formed optimally or suboptimally by a single airplane,
furnish a measure of combat effectiveness. The key idea is to
achieve a peak rate of swinging the velocity vector without
unacceptable losses in total energy. One indicator of energy-
maintenance capability is Boyd's97 "specific excess power"
(see, e.g., discussions in Refs. 97-99),

**The F-4 series of fighters have ratios of maximum sea-level thrust
to gross weight Tl Wranging around 0.6. One can infer that trajectory
optimization is, therefore, more important to best utilization of those
lower-powered airplanes than, say, the F-l5 with its Tl W= 1.1.

PS=[(T-D)/W]V (PI)

where W\$ the weight, 7 the available thrust, and D the drag
at a prescribed load factor or CL. Taken from an illuminating
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Fig. 11 Turn performance constant specific energy.
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Fig. 12 Maximum maneuver corridor.

report by Patierno et al.,98 Fig. 11 plots turn rate vs Mach
number for a "typical fighter" under the circumstances
depicted.

One first observes in the figure that possible rates are
bounded on the left by a curve associated with CL and on
the right by a limit load factor (7.33 g for most USAF
fighters). These boundaries intersect where maximum angular
rate can be achieved for a given altitude. This is the "corner
velocity"—a point which was emphasized in pioneering
research by Air Force officers (see, e.g., Ref. 100). Equally
significant are the turns in Fig. 11 constrained by the
requirement that Ps be held to a positive or negative constant
value. Note that Ps is traditionally associated with rate of
climb and that static best-climb profiles pass through its
maxima for 1-g flight. Here, by contrast, it serves to estimate
the gain or loss of kinetic-plus-potential energy.

From the peaks of the constant-P5 curves, Boyd defined a
region in altitude-Mach number space wherein the con-
strained turn rates have their largest values; corresponding to
Fig. 11, Fig. 12 shows such a region. There is considerable
evidence that dogfights tend to migrate into these "maximum
maneuver" corridors. Moreover, the capability of one air-
superiority fighter over another can be judged both by relative
Ps maps and by the locations and sizes of their corridors.

Optimization comes into play in the study of Ref. 98.
There, a series of "yardstick maneuvers" were computed by
an elaborate version of a steepest-ascent program like that of
Ref. 78. With performance index chosen to be the minimum
time to bring the velocity vector through a prescribed rotation
(e.g., a 360-deg turn), the maneuvers were analyzed under
various constraints on Ps and on the final state. For
preliminary-design airplanes resembling the F-17/F-18
family, the optimal results usually come quite close to those
found from Boyd's maximum-maneuver hypothesis. Both
prove markedly superior to constant-altitude turns and other
nonoptimal trajectories.

A second situation where differential games can influence
military tactics involves the encounter between high-
performance manned aircraft and ground-to-air or air-to-air
guided missiles. In these instances the one-on-one idealization
seems well justified. An early case of this kind of application
is Vachino et al.,101 who analyzed engagements between
fighters and beam-riding missiles. Their formulation assumes
constant-speed maneuvering in a single plane by the ad-
versaries. The objective for the pilot is to maximize the closest
distance of approach. Although the paper makes no such
identification, this example resembles fighter intercepts by the
SA-2 during the Vietnamese War. It is improbable that such
optimal results were used for anything more than validation,
but the tactic pictured in Fig. 4 of Ref. 101 is not unlike one
that proved successful in the air battle.

More recently very sophisticated theory has been employed
for the pursuit-evasion problem of an air-to-air missile at-
tacking a fighter. Shinar and Gutman102 treat the aircraft
pursued by a faster missile as a linear differential game in
three dimensions, with constant-speed point masses and with
gravity neglected (on the grounds that the maneuver ac-

celerations are high). The important issue of imperfect in-
formation available to the target aircraft is considered.
Calise103 also examines missile pursuit with emphasis on
optimal control of the thrust magnitude. His powerful
mathematical apparatus includes multiple time scaling and
singular perturbations. As in other such studies, however,
certain difficult-to-avoid simplifications limit the potential as
a practical guide to tactics. In Ref. 103 target velocity is taken
as a constant vector; it is pointed out that turns can be ac-
counted for by up-dating the target state when recalculating
the proportional-navigation guidance law at intervals.

Active Guidance and Control
The author remembers clearly a visit about 1948 to the

laboratory of Y.T. Li at Massachusetts Institute of
Technology, where Li demonstrated a simple optimal con-
troller driving a rolling follower to the highest point of a two-
dimensional track (see Draper and LiI04 for extensive theory
and a piston-engine application). The track's shape could be
adjusted, but the follower would always seek out and "hunt"
about the peak. Whether this is the first example of its kind is
not known. It was certainly one pioneer in the development of
an enormously fruitful technology, and its builders in-
troduced the adjective "optimalizing."

Bryson and Ho3 remains today the source text for optimal
control, and in particular its Chaps. 4, 5, 8, and 12-14 contain
the foundations for thousands of hypothetical and practical
applications which have appeared since about 1970.
Throughout this period one finds many instances of a sort of
competition between traditional methods and "modern"
control theory. But where flying hardware and software are
concerned the former have prevailed in almost every case.

The formulation of the optimal approach which underlies
most studies contains a homogeneous, quadratic performance
index associated with linear (or linearized) equations in state-
vector form. It is often characterized as linear quadratic
synthesis (LQS). Typical but by no means unique examples of
its use include Berman105 for the Grumman FSW entry and
other advanced designs; Blight and Gangsaas106 for landing
approach of the Boeing Quiet Short-haul Research Aircraft
(QSRA); and Bryson and Hall107 for several simplified
autopilots. Other cases of optimization by somewhat different
methodologies are Tabak et al.,108 on "multiobjective"
control of fighter and lifting-entry types, as well as Michael
and Farrar109 on "suboptimal" feedback for a helicopter.

Although they fall outside the present scope, spacecraft
have formed a subject of extensive research and occasional
implementation. A noteworthy early example is WidnalPs110

minimum-time thrust controller for approach and touchdown
of the Apollo Lunar Excursion Module. Reference 110
furnishes data from the first flight test in Earth orbit aboard
Apollo 9; of course, the system performed outstandingly on
subsequent lunar missions.

An important special case of LQS is the Kalman filter (Ref.
I l l and Chap. 12, Ref. 3), a device for state estimation with
maximum likelihood in the presence of disturbances assumed
to have certain idealized statistical properties. A history of the
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Fig. 13 Plan view of flexible, transport-type cantilever wing model
used by Newsom et al. (Ref. 115) to test control systems for flutter
suppression.

filter's role in both astronautics and aeronautics, with em-
phasis on his own contributions, was recently published by
Schmidt.112 Optimal filtering and prediction constitute such a
uniquely advantageous approach that they have been in-
corporated into the navigation systems of several aircraft and
spacecraft. Reference 112 mentions the first transport ap-
plication, which is as part of the Northrop-developed
system113 now flying on the C-5A.

During early mechanizations of the Kalman filter it was
discovered that divergent behavior can occur when process
noise does not disturb certain combinations of states. Re-
initialization at short intervals turned out to be one way of
overcoming this difficulty, and lately various suboptimal
schemes have been devised for making the realization more
robust (Bryson114). As a result, most of today's inertial
navigators routinely use the technology.

If "flight" in the wind tunnel may be included within the
ground rules of this survey, then the tests reported by
Newsom et al.115 contain an excellent example of a control
system synthesized by optimization. Their plant consisted of a
flexible half-wing model (Fig. 13), mounted from a side wall
of the Transonic Dynamics Tunnel at NASA .Langley
Research Center. This was a full-scale simulation of the
structure and portions of the controls later to be flown in the
DAST drone program (see Ref. 116), but the goal of increased
flutter speed in free air was accomplished on the latter vehicle
with more conventional stability-augmentation logic. The
motion sensors are the two vertical accelerometers shown as
black dots in the figure. The only "effector" available to
influence aeroelastic stability is the,small trailing-edge flap
near the wingtip, but it has a powerful miniature hydraulic
actuator with good frequency response in the 5-40 Hz range
needed for interaction with significant modes of vibration.

After open-loop stability tests, two control algorithms were
tried out on the model. The optimal version was designed in a
rather unconventional way (Newsom117) since they chose not
to employ a full-state estimator. LQS was first used to
calculate an open-loop transfer function (e.g., between
vertical acceleration and control-surface rate) which
minimizes control activity in turbulence at the design point of
dynamic pressure 7.72 kPa and Mach 0.9. Then the coef-
ficients of a practical transfer function, in the form of a ratio
of polynomials in frequency, were calculated by Davidon-
Fletcher-Powell118 so as to minimize the squared error, at
several frequencies, between the desired and actual transfer
functions. This synthesis, which is described in detail in Refs.
115 and 117, resulted in a system that increased the critical
speed substantially at other experimental conditions beside
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Fig. 14 Ratio of dynamic pressure q to amplitude of h at outboard
accelerometer (a measure of "aeroelastic damping" in wing of Fig.
13), plotted vs wind-tunnel dynamic pressure. Results for open-loop
wing are compared with those achieved by the optimal controller.
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Fig. 15 Dimensions and numbering of elements in ten-bar frame
example devised by Venkayya (Ref. 123).

the nominal. Figure 14 typifies the data obtained and in-
dicates that the objective of increasing flutter dynamic
pressure by 44% at Mach 0.9 was probably achieved. It is of
interest that a different control based on the "aerodynamic
energy" concept of Nissim119 performed roughly as well as
the optimal in this particular case.

Static Structural Synthesis
Turning to structures of aeronautical type, one notes that

the earliest studies involved simple configurations of
minimum mass to support one or two static loadings. Con-
straints were placed on strength, member properties, and
possibly stability or nodal displacements. The 14-element
frame employed for illustrative purposes in a preceding
section is typical of these, except that joint locations are a
fairly recent innovation in ^design-variable selection. The
developers of optimizing codes have cut their teeth on a
collection of such "test problems." Certain trusses with 3, 4,
10, 22, 25, and more bars show up repeatedly in their work
(see, e.g., Refs. 120-122 for correlative data).

Several points about practical structural optimization can
be made by reference to one of these: a redundant, ten-bar
frame due to Venkayya,I23 whose dimensions and loading are
shown in Fig. 15. This sort of configuration is selected
because, unlike wing boxes and other built-up structures, the
results of various analyses are insensitive to the details of
finite-element modeling and can therefore be intercompared
with confidence, ft The frame is made of a low-strength
aluminum alloy. Minimum permissible cross-sectional area is
6.5 cm2, and vertical displacements at the nodes 1-4 are
limited to about ±5 cm. Figure 16 from Ref. 120 reproduces
the history of five searches for the minimum mass. Un-
fortunately, space limitations preclude summaries here of

ttSince no constraint is placed on cross-sectional shape in these
designs, stability is not an issue.
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information—extremely significant to the original resear-
chers—regarding methods of analysis and optimization
routines. Nevertheless, each solution is believed to be
satisfactorily converged at the point where its plot is ter-
minated. The curve marked "Venkayya" is the initial Ref.
123 design, whereas those labeled ACCESS-1 involve two
different searches associated with the first version of this well-
known synthesis code due to Schmit and various
collaborators.

It is worth noting that programs exist today which converge
much more efficiently than the best shown on Fig. 16. The
numbers of iterations required there range, effectively, from
13 to 26. The amounts of computation per cycle were also
quite variable. Another characteristic of the different ap-
proaches is that they generate final designs whose individual
members may scatter somewhat in cross-sectional areas. Thus
Table 24 of Ref. 120 shows two bars at minimum gauge in the
Venkayya truss; two quite distinct ones in the Gellatly truss;
one and four, respectively, in the designs due to CONMIN
and NEWSUMT. On the other hand, the heavily loaded bars
(Nos. 1, 3, 4, 8, and 9 in Fig. 15) turn out more nearly
identical to one another across the board. Perhaps most
important is that the minimum total masses agree
remarkably; their range, from 2303 to 2319 kg among the six
designs, constitutes less than a 1 % variation.

The conclusion from this last statistic—not a sur-
prise—recognizes that performance indices change only
slowly in the vicinity of an extremal point. Once near to a
useful result, the optimizer need waste little effort in
squeezing out the last modicum of perfection.

The list of published examples like the foregoing, any one
of which possesses some intrinsic interest and demonstrates
some feature of the process, is endless. By contrast, cir-
cumstances where truly optimal products are part of the
structure of U.S. operating aircraft are hard to find and
harder to document. Lockheed's original C-5A proposal does
contain a few pages124 where the main fuselage is propor-
tioned for minimum weight. The author is assured125 that a
simple but definitely formal search procedure lay behind the
choice of skin thickness, the spacing of rings and longitudinal
stringers, and the detailing of ring and stiffener geometry.
Important stresses were those due to internal pressure,
bending moment and shear. Damage tolerance of the pressure
vessel was also a consideration. Figure 17, adapted from Ref.

—— o—NEWSUMT1
3500 -

NEWSUMT1 Apppoc «CONMIN | ACCESS 1
SCHMIT & FARSHI
VENKAYYA
GELLATLY & BERKE
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Fig. 16 Minimum-mass optimization of ten-bar frame, loaded with
F=4.45xl06N. (See Ref. 20 for details and literature citations.
Material is typical aluminum alloy.)

124, shows four cross sections which define the optimum
configuration. With minor modifications, it represents the
production C-5A.

Figure 18 demonstrates how the spacing of C-5A fuselage
rings affects quantities proportional to overall structural mass
per unit of axial load P and of shear flow Q. A series of
analyses like this one were assembled and led to an optimum
spacing of 51 cm and other dimensions given in Fig. 17.
Reference 126 furnishes background information on the
methodology. It is stated125 that similar studies underlie the
sizing of wing, empennage, and fuselage panels for such
Lockheed aircraft as L-1011, C-141B, and the proposed C-X.

As a last illustration of static structural synthesis at an
intermediate level of complexity, consider the rectangular,
cantilever wing box (Fig. 19) due to Schmit and Mehrinfar.127

Two successive loading conditions are employed, at Pl only
and at P2 only. Constraints include strength, panel buckling,
and maximum vertical displacements at the nodes. The use of
filamentary composite material is simulated by means of
layered panels in the skins of OLSR (orthotropic linear stress
rectangular) type, whose fiber orientations are prescribed.
The 28 total design variables (allowing for top-to-bottom
symmetry) consist of six stiffeners (TRUSS), nine shear webs
(SSP), and twelve skins (OLSR). The clever and efficient
scheme of Ref. 127 avoids dealing with 28 independent

-H 1.8 h- r-0.25cm

T=*

Fig. 17 Four cross sections describing optimized structure of C-5A
fuselage skin.

24.0r

'23.0-

22.5

RING SPACING, S-cm

Fig. 18 Typical curves involved in minimum-mass optimization of
C-5A fuselage. Shown are variations with ring spacing of normalized
weight per unit of axial load P and shear flow Q.
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COMPONENT

OLSR ELEMENTS
1 = (3D + CS + GLj +O3
2 = GO ••• EH + DD + HE
3 = [Tl+GCl + ijD+Ql]

Fig. 19 Defining stiffeners, shear webs and skin elements in can-
tilever wing box optimized by Schmit and Mehrinfar (Ref. 127). Loads
were separately applied at Pt and P2.

quantities by a multilevel optimization. At the system level,
ACCESS-1 seeks minimum mass while making ap-
proximations to active constraints and "linking" associated
variables. The analysis is passed cyclically between the system
level and more exact calculations at uncoupled component
levels which minimize changes in component stiffness. The
actual search procedures in both stages are based on the
quadratic extended interior penalty function, leading to a
sequence of unconstrained minimizations (NEWSUMT, Refs.
128 and 129).

For loads P,=33,300 N and P2 = 66,500 N applied to a
wing of span 4.82 m and chord 2.54 m, Fig. 20 reproduces
some mass iteration histories from Ref. 127. All cases start
from conservative, feasible designs and appear converged
before 20 cycles. The lightest and most rapid is unrealistic,
since no panel buckling is accounted for. The others represent
various combinations of buckling constraints and allowable
sandwich-core depths in the upper and lower skins.

It is mentioned that most investigations of the sort
referenced here pay no attention to a question which bears on
the utility and acceptability of their products: what are the
sensitivities of the performance index and element sizes to
altering such system parameters as allowable strength,
deflection, geometrical details, and the like? Until recently,
sensitivities had to be computed by a laborious process of
perturbing the quantity of interest and reoptimizing. A 1981
paper by Sobieski and Barthelemy 13° has, however,
demonstrated how the required derivatives may be found in a
more direct and efficient fashion.

Realistic Structures with Dynamic or Aeroelastic Constraints
The author's own mild affair with optimization centered

upon one-dimensional structures constrained to vibrate,
flutter, or diverge at or above prescribed thresholds on the
critical eigenvalues. With several doctoral students and other
colleagues, he published on systems with both distributed
parameters (Refs. 131-133) and discrete design variables (e.g.,
Ref. 134). Some of the results were intrinsically rewarding,
but most were a long way from the complicated, built-up
lifting surfaces of real aircraft with their multiple design
criteria and tight constraints.

With regard to the search for such practical applications, an
unexpected discovery is that two of the earliest occurred
where avoidance of flutter dominated other considerations of
strength and stiffness. The first of these was carried out under
the supervision of the late S.J. Loring at Vought-Sikorsky

10 14 18
NUMBER OF STAGES

26

Fig. 20 Minimum-mass optimizations under various design con-
straints of Fig. 19 box. (Open triangles are a case in which buckling
was ignored. See Ref. 127 for further details.)

Aircraft in 1941. It involved increasing wing stiffness in the F
4U-1 Navy fighter so as to bring the critical speed to an ac-
ceptable level.

As abstracted from information furnished by M.J. Turner,
Boeing Commercial Airplane Co., the story is as follows:

The outer panels of the inverted gull wings
were single spar structures, hinged at the root,
with the spar located at about 30% chord from
the leading edge. Torsional loads were carried by
the single-cell torque box forward of the spar,
and fabric covering was employed on wing
surfaces aft of the spar. 0.50-caliber machine
guns (3 per side) and ammunition boxes were
supported, behind the wing spar, by outer panel
wing ribs. Provision of considerable rigidity in
these ribs, and backup structures forward of the
wing spar, was required to prevent unfavorable
dynamic interaction of wing torsion and rib
flexure during flutter.

Severely constrained by available computing
facilities (Marchant desk calculators), we
modeled the outer wing structure aft of the spar
as an assemblage of independent cantilevers with
flexible root restraint, each carrying a share of
the mass of armament, control surfaces, etc.
Each cantilever and its backup structure was
represented as a statically determinate, finite-
element assemblage (coarsely subdivided) of rods
and shear webs.

Assuming that structural mass is small relative
to supported mass, Loring had shown that, for a
given value of natural frequency in the fun-
damental mode of a statically determinate
structure, the structural mass is minimal when
amplitude of axial stress, a, and shear stress, r,
are constant and a/V£I=r/VG (constant strain
energy density) during vibration at constant
amplitude in the fundamental mode [see Turner,
Ref. 135]. Rib structures were sized by this
criterion for a prescribed fundamental bending
frequency of 33 Hz. In addition to providing
sufficient stiffness to satisfy wing flutter
requirements this design procedure also provided
beneficial support rigidity for the armament.

The all-movable horizontal stabilizer of the B-l bomber is a
more recent instance where considerable material had to be
added in order to ensure acceptable flutter performance. As
described by Siegel,136 resizing was carried out by an
aeroelastic optimization program STROP. Its basic formula,
which is an approximation but one that often yields results
quite close to optimal, required nearly uniform strain energy
density throughout the stiffness-effective structure when
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Fig. 21 Spanwise distribution of specific strain energy (dimen-
sionless) in the flutter mode for three designs of B-l horizontal
stabilizer (Ref. 136). The solid curve is a minimum-mass case, which
meets design criteria for both strength and flutter.

deformed in the flutter mode. Flexible model tests during
early development phases showed that a conventionally
designed B-l tail was deficient by almost one-half in its
critical dynamic pressure at transonic speeds.

In practice STROP began with a beam-rod idealization of
the tail with material adequate only for strength. After
estimation of flutter speed by modified strip theory and
coupled normal modes, positive increments were made to skin
thickness at those stations where specific strain energy was the
highest. Flutter was recalculated and thickness revised
iteratively until the required margin of safety on speed was
attained. Figure 21, adapted from Ref. 136, plots dimen-
sionless strain energy vs spanwise distance for three cases. The
solid curve relates to a near-optimal revision of the original
design (dashed-dot), whereby flutter dynamic pressure was
increased 33%. The paper points out that a 31% addition to
total mass was needed, as compared to 49% for a satisfactory
but nonoptimal candidate. For the latter, strength-designed
skin thicknesses were simply increased proportionately until
the requirement on flutter was met.

Several other more elaborate schemes for sizing lifting
surfaces with a predominant flutter condition have appeared
(see, e.g., Ref. 17) since the 1960's. The intuitive concept of
changing the mass w, of each stiffness-effective member
in direct proportion to its influence on flutter speed VF, as
measured by the derivative dVF/dmif is reported137 to have
been employed at Lockheed-California Co. for twenty years.
Reference 138 expresses this criterion as follows for a case
where VF itself is acceptable and therefore to be held con-
stant:

References 139 and 140 assess five flutter-related com-
putational approaches and explain their relationships to the
Eq. (Fl) concept of ''adding material where it does the most
good."

Regrettably, the only large published example of ap-
plication 14° concerns an arrow-wing supersonic transport
which was never built. It should be mentioned that this
transport structure contains a demandingly large number of
design variables in its initial configuration, prior to variable
linking and other means for basis reduction. It forms the
subject of a more recent study by Green and Sobieski. 141

One will observe that the mass increments called for by Eq.
(Fl) will vanish if the elements of the column matrix of
derivatives dK^/dw, are all equal to one another. This is a
straightforward way of arriving at the basic criterion un-
derlying the Grumman Aerospace Corp. flutter optimization
program FASTOP.142 Reference 142 and other papers
describing the program actually develop this result in a

Fig. 22 Representation with approximately 2400 finite elements of
FSW fighter wing designed by Grumman Aerospace Corp. (un-
published). This structure is reported to be optimized for divergence
and strength by programs FASTOP and ASOP-3.

context of more sophisticated means for deriving optimality
criteria relevant to deflection, natural-frequency, and
aeroelastic constraints. Nevertheless, constant dVF/dmi turns
out to provide a very efficient redesign algorithm. FASTOP
has formed the tool for several interesting paper studies. For
instance, Vol. I of Ref. 143 deals with the difficult problem of
achieving adequate flutter margins by optimal mass-balancing
on a fighter which must carry many different combinations of
stores at the wing pylons.

Another important Grumman contribution to the ar-
mamentarium of practical optimization is the program
ASOP, which finds the minimum mass of lifting surfaces and
other built-up configurations. Finite-element representations
with over 1000 nodes are accommodated, along with 100 or
more independent design variables. The original ASOP
employed only static constraints on strength and deflections
for metallic structures. The latter were handled by requiring
all derivatives of the constrained displacements with respect to
element masses to be equal, whereas optimal strength was
approximately attained by fully-stressed design—i.e., each
element was maximally stressed in at least one loading con-
dition.

Reference 144 describes ASOP-3, an expanded version
encompassing filamentary composite members, whose
reinforcement directions may have considerable freedom. In
the last couple of years Grumman has combined the fully-
stressed capability with aeroelastic constraints as embodied in
FASTOP. The resulting program is especially useful for
designing complicated structures with orthotropic skin
elements. Although full publication of the applications is not
yet possible, a major role is being played by these tools in
developing composite lifting surfaces like the wing of a FSW
fighter—one case where previous experience with metallics is
of little value for choosing optimum ply orientations and
where certain results prove highly counterintuitive. Wilkinson
has supplied the author with Fig. 22 as an example of what
can be handled. Approximately 2400 finite elements make up
the wing and carry-through structure. Over outboard portions
of the main structural box skins, up to 34 plies of graphite-
epoxy reinforcement had to be added to a strength design.
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These were needed to ensure freedom from the bending-
torsion divergence phenomenon, which can be a severe threat
to FSW aircraft.

Associated with the use of composites for wings and tails of
high-performance vehicles is the idea of "aeroelastic
tailoring," whereby the coupled bending and torsional
deformations are put to work in a constructive way to avoid
instabilities and/or to improve various aerodynamic
properties. An early investigation which combined this idea
with the optimal choice of ply orientations led to the program
Wing Aeroelastic Synthesis Procedure (WASP) of McCullers
and Lynch.145 WASP involved 30 design variables: one
orientation angle and nine coefficients of a polynomial
thickness distribution for each of three symmetrical upper and
lower layers of composite skin. With constraints on strength,
divergence and flutter the skin mass was minimized by a
Fletcher-Powell118 type of search routine.

Renamed TSO (tailored structure optimization), a much
extended 1976 revision of WASP is presented and applied to
aeroelastic tailoring of the YF-16 and more advanced designs
in Refs. 146 and 147. Certain of these constitute combined
structural and aerodynamic optimizations, in the sense that
constraints are enforced which cause favorable wing twisting
at high maneuver load factors. The aim is a tendency toward
elliptical spanwise lift variation and minimum induced drag.
For example, Ref. 146 compares drag polars between an
essentially rigid YF-16 and an optimally tailored composite
replacement. For one flight condition at CL=0.8, CD is
reduced by more than 26% from the 1400 counts estimated
for the baseline vehicle. Again, it is disappointing that no such
optimal products have yet been incorporated148 into any of
this series of fighters.

HiMAT is the acronym for the highly-maneuverable air-
craft technology demonstrator built by Rockwell In-
ternational, two of which are now undergoing testing at
NASA Dryden Flight Research Center.149'150 HiMAT is the
only vehicle airborne today which embodies aeroelastic
tailoring. Approximately 95% of its surface is fabricated of
graphite-epoxy skin, fabric or tape. A preliminary version of
the TSO program was involved in early development stages of
the wing and canard stabilizer. The final structural design was
carried out in more conventional fashion, however, with
analyses done by means of finite elements on NASTRAN.

The one respect in which HiMAT may be characterized as
optimal (see Ref. 146) is the use of tailoring to minimize
induced drag in rapid turning maneuvers. This vehicle was
required to maintain at least zero specific excess power in an
8-g level turn at Mach 0.9 and 9-km altitude. Reference 150
explains how this goal was achieved by first using
aerodynamic optimization to prescribe ideal spanwise lift
distributions on the close-coupled tail and wing. The
corresponding distributions of twist were impossible to
reproduce exactly by means of aeroelastic deformation, but
the surfaces were tailored and successfully approximate what
is desired in flight.

A leading edge device was installed on the wing so as to
ensure satisfactory twist in the cruising condition. Otherwise
the specified cruise range might not have been met. Figures
10-14 of Ref. 150 indicate how well the actual structure
matches the requirements on deformation under load.

Rockwell is also active in design studies on FSW fighters.
Reference 151 and portions of Ref. 152 summarize, among
other details, how TSO is being employed to achieve
minimum wing mass under multiple constraints. Perhaps the
most significant of these is to avoid the aforementioned
problem of divergence. Figure 23, reproduced from Ellis,151

shows the structural arrangement. With graphite-epoxy in the
upper and lower skins, it proves necessary to orient the
reinforcements in 70% of the plies at 9 deg ahead of the
sweptforward structural axis, thus obtaining divergence
speeds comparable to an unswept wing of the same mass.
Figure 24 lists the cover masses and critical dynamic pressures

Fig. 23 Plan view (Ref. 152) of Rockwell International FSW wing
design, showing locations of principal structural elements.
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Fig. 24 Information on cover masses, divergence dynamic pressures
qd and skin ply orientations for seven candidate designs for Rockwell
FSW fighter wings. (Adapted from Fig. 5, Ref. 151. Second from
right is chosen design.)

qD for seven candidate wings. As can be seen, an untailored
aluminum structure is more than twice as heavy as the
composite versions. The one actually selected for the
proposed vehicle is second from the right, with qD well in
excess of the required value 95 kPa.

Summaries of yet a third series of FSW studies, by Mc-
Donnell-Douglas Corp., will be found in Triplett.153

It should be a source of chagrin for American aerospace
engineers that minimum-mass optimization of complex
primary structures has been employed routinely since 1976 in
France at Avions Marcel Dassault-Breguet Aviation. Petiau
and Lecina34 state, among other things, that the method
described in their report "is applied systematically in all our
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Fig. 25 Finite-element representation of delta fighter wing, whose
optimization is reported by Petiau and Lecina (Ref. 34). Curve at
lower left shows convergence to minimum mass after three iterations.

projects, after having been introduced on the Mirage 2000 and
Mirage 4000" fighter models. The reader is directed to their
paper for full details. Finite-element representations with
order 5000 degrees of freedom can be optimized, constraints
being available on stress, local buckling, displacement, static
aeroelastic properties, vibration frequency, dynamic
response, and flutter. As in the case of ACCESS and other
current U.S. programs, Dassault employs extensive linking,
works with inverses of the "natural" design variables, suc-
cessively linearizes the constraints, and searches with a
conjugate gradient scheme. Through extensive use of in-
teractive graphics and the evolutionary application of existing
finite-element capability, full acceptance by experienced
structural designers is said to have been achieved. The overall
cost for computing an optimal result is estimated at eight to
twelve times that for one corresponding analysis of the same
configuration.

Two sample applications are summarized in Ref. 34: a
graphite-honeycomb empennage with 135 design variables
and a three-spar delta wing. Since the latter is clearly taken
from an operational Mirage, it is chosen as the present paper's
most elaborate example. Figure 25 reproduces the finite-
element idealization, which has 4269 degrees of freedom.
There are 88 independent design variables, subjected to 198
static and aeroelastic constraints (minimum gauges included).
Generally the most critical conditions were a pullout
maneuver for the lower skins and a roll maneuver for the
upper surface and fuselage attachments, although aeroelastic
and other requirements were effective in certain areas.

Figure 25 also shows the very rapidly convergent search.
Three iterations were required to proceed from a feasible
starting point at 254 kg (for the half wing) to an extremum, 41
kg lighter. The authors of Ref. 34 comment that a transfer of
material, during the process, toward the trailing edge and
wing root is quite counterintuitive. They also point out that
this highly redundant optimal structure differs considerably
from what would have been obtained by the fully-stressed
approximation.

Finally, two features of the Dassault methodology deserve
mention. By interactive means, it is possible for the operator
to examine sensitivities. He simply displays a table of
derivatives, which show the effects on each constraint of
small changes in each design variable. A recent modification
to the basic program permits maximization of structural
margins of safety, with a limit on total mass, to be substituted
for the conventional mass minimization.

Complete Vehicle Configurations
Aircraft preliminary design (PD) comprises such a host of

tradeoffs that one might have expected to see a more formal
approach combined quite early with the traditional com-
bination of experience, intuition, and sequential unidirec-

Fig. 26 Three views of single-engine light aircraft optimized for
minimum cost of ownership (Ref. 160).

tional searches of parameter space.JJ Indeed, Boeing's
Automated Engineering and Scientific Optimization Program
(AESOP) had been applied by 1968 to a variety of examples,
including a hypersonic cruiser.154 Thelander155 published in
1967 a variational scheme whereby performance was op-
timized by selection of a set of variables related to the
propulsion system, wing, and body geometry. As with the
component technologies discussed above, however, it has not
proved easy to connect studies like these to the vehicles ac-
tually manufactured by their authors' employers.

Despite this apparent reluctance on the part of potential
users, the undismayed optimizers continue their efforts. Thus
Ardema et al.157 make a strong case for improved energy
efficiency. Despite relatively conventional technology and a
FAR-36 noise constraint, their best 1976 design theoretically
achieves seat-miles per unit of fuel consumed 30% greater
than contemporary wide-body transports. More recently
Sliwa and collaborators (Ref. 158 is typical) show remarkable
improvements possible for medium-range commercial
carriers. Focusing on refinement of the structure, Ref. 159
demonstrates how the introduction of composites into an SST
of given overall size can reduce structural mass from 99 to
77% of the (fixed) payload (see Refs. 138-140). Numerous
other similar results could be cited.

In the interest of brevity, just two rather unique con-
figuration studies will be illustrated—one because it was
apparently the first light-airplane application, the second
because it is going to "fly." In 1971, doctoral candidate B.W.
Silver 16° completed an attempt to identify the best in single-
engine personal aircraft. His performance index was the 10%-
discounted total cost of ownership over a ten-year lifetime.
Design variables were engine installed power, fuselage length,
and five measures of wing size and proportions. A key
requirement was that the vehicle carry a given payload a given
number of miles per year. Constraints were variously placed
on static stability, vertical tail volume, range, stall speed, and
angle of climb.

Having collected extensive data on 1969-model light air-
craft, Silver developed regression formulas which related the

prepared a useful literature survey up to 1969.



JANUARY 1982 AERONAUTICAL USES OF OPTIMIZATION 21

Table 2 Design variables in Ref. 161 transport study

Quantity Range of variation

Takeoff gross weight, kg
Military payload/takeoff gross weight
Wing loading, kg/m2

Sea-level static thrust/gross weight
Wing structural aspect ratio
Wing leading edge sweep angle, deg
Wing mean thickness ratio

136,000-362,000
0.15-0.45

440-825
0.17-0.27

7-15
10-45

0.09-0.15

Table 3 Typical design specifications

Military and commercial cargo versions of each configuration
Military version

Takeoff critical field length < 2440m
Sea-level, standard day, engine-out climb gradient > 0.03
Range mission

Initial cruise altitude > 8500 m
Outsized payload (90,000 kg)
MIL-C-5011A ground rules

Commercial version
Takeoff FAR field length < 3040 m
Sea level, standard day
Provide cargo box cross section for two lanes
Gross payload to make same maximum zero fuel

weight as military version

cost of ownership of each to various combinations of some 68
independent variables. A program AID A II employed these
data for improvements by means of a "learning-line" scheme,
which undertakes random searches in design space based on
an attenuated sum of prior successful moves.

Figure 26 depicts one converged redesign from Ref. 160, an
"optimized" version of the 1969 Cessna 177 Cardinal. This
case placed a value of $5/h on each passenger's time as an
indirect means of forcing toward higher cruising speed. The
baseline Cardinal's wing span of 11.7 m has moved up against
a constraint of 13 m. In addition to the consequent increase of
aspect ratio, there are an obvious reduction in tail length and
increase in empennage area. In 1971 dollars, the ten-year
discounted cost of the airplane of Fig. 26 is estimated to be
$57,471. This represents a 7.4% reduction below the
corresponding estimate for the baseline.§§

With regard to large and expensive aircraft, one can an-
ticipate that rising fuel costs and other inflationary features
will soon compel more attention to "mathematical PD."
Greatest success may be expected from a blending of the
enormous experience base now stored in computer data banks
by the major manufacturers with the best of discrete search
algorithms. Unconventional technologies like active control,
variable-cycle engines, and composite materials will accelerate
the trend. Even the skillful PD generalist is unprepared to
combine them without help.

The most advanced effort to bring about this synthesis
known to the author is the one summarized by Jensen et al. in
Ref. 161. First presented in January 1979, their paper has the
goal of optimizing a blended commercial and military cargo
transport. Boeing's Airplane Responsive Engine Selection
(ARES) data management system provides a framework of
regression analysis for constructing second-order relations
between configuration parameters, serving as independent
design variables, and such performance indices as costs, fuel
consumption, and gross weight for a prescribed payload and

§§The reader is cautioned about the hypothetical and simplified
nature of this study. In a recent conversation, Silver pointed out that,
if comprehensive constraints had been included on dynamic stability
and flying qualities, the airplane pictured in Fig. 26 might have been
quite different. Thus the short tail was probably unrealistic, whereas
the call for increased wingspan was a sound recommendation.

range. Table 2 lists the seven variables actually employed in
Ref. 161; up to ten can be specified. Table 3 gives the im-
portant constraints—here the specifications as written by a
military or airline customer.

The reader is referred to the source paper and references
therein for complete information on the methodology, which
is the outgrowth of research sponsored by the U.S. Air Force.
New technologies include composites, supercritical-wing
aerodynamics and energy-efficient engines. It must be
mentioned that dynamic loading and aeroelastic phenomena
are denied an explicit role in the analyses. Weight data have
been validated against previous successful transports,
however, and the paper cites active load alleviation and mode
stabilization systems as ways of avoiding severe impacts.

Table 5 of Ref. 161 lists the principal characteristics of
seven representative and comparable designs. These range
from "traditional" airplanes with minimum gross weight or
direct operating cost (DOC) to an unconventional minimum-
fuel transport, whose aspect-ratio 14.2 wing and gross weight
are surprisingly large. Not all details of these designs and their
subsidiary penalties due to the various choices of performance
index can be reproduced. Some further interesting results are
as follows:

1) Designs optimized on gross weight, life-cycle cost
(LCC), acquisition cost, flyaway cost, ratio of LCC to
productivity, DOC, and fuel consumption differ by less than
9% in gross weight (220,000-248,000 kg). Other charac-
teristics, such as engine thrust, wing sweep, wing area, and
cruise Mach number show much greater variability.

2) Designs for minimum gross weight and DOC show the
smallest penalties relative to optimum values of the other
performance indices. On the other hand, the minimum-fuel
transport seems less desirable because of low productivity and
severe disadvantages in measures of cost.

3) By means of weighted combinations of performance
indices, it is possible to construct "compromise" designs and
examine tradeoffs among these indices. Some of the solutions
produced by this technique appear to be superior to any of the
single-index optima.

The author is informed162 that Boeing's entry for the C-X
transport development contract received its preliminary sizing
by the methods of Ref. 161. Furthermore all PD activity in the
military and commercial airplane companies beyond the
Boeing 767 is expected to employ this new tool.

Concluding Remarks
There are better places far away, and at this place I am anyway.

German humorist, Moritz Busch, as quoted in
The Wind and Beyond111

These conclusions must begin with an expression of regret
that space limitations and the author's inadequate
background have hindered suitable attention to work on
optimization outside the U.S. Thus every researcher in the
field is indebted to the fundamental contributions of such
Soviet scientists as Pontryagin (e.g., Ref. 163). M. Dublin has
supplied an annotated list of 44 significant Russian papers,
dating from 1963 to the present. Reference 164 is typical of
recent British efforts toward the practical automation of
structural design. In 1980 Schneider et al.165 described the
software used to minimize aircraft structural mass by a major
German manufacturer. References 13, 166, and 167 are
selected randomly as further indications of interest
throughout the world.

With the notable exception of Ref. 34, however, no foreign
publication examined to date presents unequivocally any
results embodied in an operational aircraft. Thus the evidence
accumulates regarding the curious gulf between what might be
and what is.

How can one account for what seems to be a paradox? It is
certainly not true that all novel and complicated technologies
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require decades to be adopted by the working aerospace
community. Finite-element tools of structural analysis, for
instance, grew up with the industry and were put to work
nearly as fast as computational facilities permitted. Finite-
difference codes for predicting nonlinear transonic flows were
applied to such designs as HiMAT within a year or two of
their availability.

Perhaps a contrapuntal listing of some considerations for
and against the practical employment of optimization may
help to explain the difficulty.

1) The literature bulges with typical gains in weight and
cost that this approach can theoretically achieve. Yet design
specifications do not require its use, its methods are often
unfamiliar, one's competitors are not seen to have embraced
it.

2) Computers become more efficient by the week, and the
computational demands of optimizing codes have been
dramatically reduced in the past few years. Yet these costs still
exceed by one or two powers of ten those of comparable
analyses. Trustworthy codes are not easy to come by, and they
tend to be much harder to use in practice than even the largest
analytical programs.

3) At the PD stage, optimization has great potential as a
sound way of choosing among alternative concepts, all the
way from overall configurations to propulsion systems and
materials of construction. Later on in the development
process, however, it may lead farther up blind alleys. A wise
old engineer once asked what good it does "to optimize the
hell out of a bad idea.''

4) There are many situations, notably in airline operations,
where a cost reduction of a few percent can mean many
millions in increased profits. On the other hand, as already
mentioned, optima tend to be very flat. The experienced
designer or operator feels he can do just about as well as any
computer code, and he thereby retains greater control of
decisions.

5) In the absence of experience when new technology is
being tried for the first time, the search for extremals can
produce unanticipated, surprising and often very satisfactory
discoveries. Yet the counterintuitive may also be coun-
terproductive and even ridiculous. Very undesirable con-
sequences can result from omission or careless handling of
constraints. Factors like manufacturing intricacies and public
prejudices may be overlooked or impossible to quantify.

6) When everything else is said, the "not invented here"
factor may prevail over the most convincing advocacy.

Nevertheless, there are enough positive indications on the
record to justify the author's expectation of impressive
progress during the 1980's. In his lecture at AIAA's 50th
Anniversary Celebration, Vanderplaats168 observed that "the
optimization algorithm is usually not a critical issue." In the
area of his specialization he assured that "the technology now
exists to efficiently design structures defined by several
hundred design variables under multiple loading conditions"
and almost any other conceivable constraint. It is a charming
sign of maturity that Ref. 161 does not even bother to
mention what scheme is employed to search for optimal
transport configurations. Comparable hopeful statements
could be made about any other class of application named in
Table 1.

The objections about difficulty of use are likely soon to
fade in the face of several current projects which will include
efficient "distributable" optimization packages as part of
familiar software collections like NASTRAN. Success stones
like those reported in Ref. 34 are becoming common
knowledge. One begins to wonder how much of Dassault's
penetration of international military markets might be due to
lighter-weight machines for a given performance. Finally,
innovations like higher transonic L/D, new varieties of
composite matrices and graphite reinforcements, variable-
cycle engines, and FSW are challenging the designer's reliance
on past dogma.
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Fig. 27 The author's view of the future promise of formal op-
timization technology, constructed from initial letters of seventeen
synonyms for the "performance index."

There are many names for the objective to be minimized,
herein referred to as the "performance index." In Fig. 27,
seventeen of these names are arranged so as to suggest—if
allowance may be given for some hyperbole—one person's
view of this technology's future promise for aerospace.

Appendix
Optimal Euler Columns

As an elementary illustration of minimum-mass structural
design by search of function space, the simply supported
column subject to requirements on Euler buckling load and
compressive strength serves well. The results perform double
duty when incorporated into the pin-jointed trusses of Figs. 3
and 4. This problem has a rich and interesting history. With
regard to various types of buckling of columns having
uniform cross section, no better survey can be cited than
Hoff's 41st Wilbur Wright Memorial Lecture,169 where
quotations appear from Euler's treatise and other original
sources.

In the case of optimum shapes, the first modern study
usually cited is Keller's.170 That author remarks, however,
that in the early 1850's Clausen171 correctly described the
tapered column of solid circular section which, for a given
length and mass or volume of homogeneous material, sustains
the greatest buckling load. As observed by Taylor (Ref. 172,
among others), this "strongest column" is also a least-mass
design for a prescribed length and load. Taylor's conclusion
seems to apply both for columns whose area is permitted to
neck down at stations of zero bending moment and for more
realistic designs, like those presented here, whose cross section
is bounded so as to ensure adequate compressive strength.

Combinations of boundary conditions other than simple
support have been studied by Tadjbakhsh and Keller173 and
by Olhoff and Rasmussen.174 Remarkable singularities are
encountered174 in the case of clamped columns, but the
resulting shapes lack practical utility because their locally zero
cross sections are ruled out by the infinite compressive stress.

As always, this example calls first for a "preoptimization"
step, wherein engineering judgment establishes the topology
and other limits on the allowable family of solutions. Prager
and Taylor175 point out that the greatest rigidity is attained
within a given area or volume by placing the structural
material as close as possible to the outer bounding surface.
(Sandwich beams or plates with thin face sheets typify this
concept in the case of lateral bending loads.) Since transverse
buckling can occur in any direction, the column's ellipse of
cross-sectional moments of inertia 7 should obviously be a
circle. This requirement suggested to Keller170 either a body
or revolution or regular polygonal section. The thin-walled
hollow circle is a natural choice—although Ref. 170 notes that
it is not the absolute best because the 7 for a given sectional
area A may be made unboundedly large if all restrictions on
convexity and linear dimensions are removed! For thin-walled
circles, squares, etc., it is known that particularly simple
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minimum-mass solutions can be obtained because both / and
the mass per unit length depend linearly on the wall thickness.
These will not, however, be elaborated further here.

For ease in the manufacture of truss members, let the
designs explored below be limited to solid, convex sections.
All these have the property

I=kA2 (Al)

with the constant k fixed by the shape. Keller 17° infers the best
figure to be an equilateral triangle [k = (1/6V5) = 0.096225],
but the circle [k = (l/4?r) =0.079577] has other practical
advantages. Accordingly, the circle is chosen for
illustration—albeit the extension to other values of k is trivial.
Under simple support, the load P which buckles a column of
length L is related to the mode w(x) of lateral deformation by
the homogeneous differential equation

d2w
~- -dx2 +PL2w =

and boundary conditions

w(0)=0=w(l)

(A2)

(A3)

E is Young's modulus, both w and x having been made
dimensionless by division with L. It facilitates comparisons if
the optimal solution is referred to properties, (...)0, of a
circular cylindrical bar with the same buckling load. The
farniliar formula "

P=(*/L)2EI0

yields its reference area

With a ( x ) =A (x) /A0, Eq. (A2) can be recast to

(A4)

(A5)

(A6)

Let Am=A0am, which depends on P and the material's
allowable compressive strength, furnish a lower bound

a(x)>an (A7)

Since a(x) is proportional to mass per unit length, the
problem calls for choosing this function so as to minimize

•rJo
M= a(x)dx (A8)

subject to constraints (A6), (A7), and conditions (A3).
Among several procedures available, the author prefers the

Hamiltonian formulation from variational calculus, which is
fully explained in the context of time trajectories by Bryson
and Ho (Chaps. 2 and 3, Ref. 3). First Eq. (A6) is cast in state-
vector form:

dw

d5
dJc:

w

(A9)

(A10)

Necessary conditions for a local minimum of M are then
provided in terms of the Hamiltonian

-<*} (AH)
as follows:

da
(A12)

dx

d\

dw

= dH =

~~~~

(A13)

(A14)

Minimum-gage constraint (A7) is enforced by the requirement

ft a>am
(A15)

Another useful relation is derived by eliminating the co-state
variable \w between Eqs. (A 13) and (A 14):

d2\
(A16)

Since there is no preferred direction for x and the maximum
bending moments occur near the center, it is reasonable to
assume that the fundamental buckling eigenfunction w(x) is
symmetrical about x=l/2 and that a(x) consists of two
uniform arcs a = am, within distances xm of the ends, matched
to a bulged central arc. Under these assumptions, boundary
conditions like

dw(//2)
d;c

dX5(/ /2)
dx

(All)

apply. w(x) and \s(x) satisfy identical differential Eqs. (A6)
and (A 16), so (A 17) shows them to be proportional. Let their
relationship be written

(A18)

where C is a constant to be evaluated. Equations (A 12) and
(A 18) in the unconstrained arc (ju, = 0) yield

= (l/C)w2 (A19)

Substitution of Eq. (A 19) into Eq. (A6) finally produces the
uncoupled differential equation

d2w
~dx^~ — 0 (A20)

Let W(I/I) = WM be the (arbitrary) maximum amplitude of
the buckling mode. By means of the variable change

Z=(w/w A / ) 1/3 (A21)

it is straightforward to solve Eq. (A20). Boundary condition
(A 17) leads to the implicit solution^

2irC
cos

W \2/3 / W \ 4/3~] '/i____ I _ I ___ \

™M* \WM ' J
(A22)

The tentatively optimal area distribution can be determined
from Eq. (A 19) after constant C is evaluated. This step is
accomplished by matching slope dw/dx and deflection w, at
points x=x-m and 1 — xmt to those in the uniform arcs near the
ends. Differential Eq. (A6), with a = am and boundary
condition (A3), are solved by

(A23)

KKThis result, together with Eq. (A28), may be compared with Eq.
(11), Sec. 3, of Keller 17° for the unconstrained column.
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in the left-hand arc Q<x<xm. The matching process then
yields the following three relations among unknowns xm, C,
and the modal amplitude wm at the matching station:

H>
(A24)

(A25)

(A26)

The sign of /* called for by Eq. (A 15) is indeed positive in the
uniform arc, because one finds there

(A27)

It is significant that C turns out independent of maximum
amplitude WM and that this quantity also appears only in
terms of the ratio wm/wM in Eqs. (A24) and (A25). For the
remainder of the analysis WM is therefore taken equal to
unity.

A convenient procedure for computational purposes is to
start by assuming a series of values for wm < 1. am and xm are
then successively determined from Eqs. (A24) and (A25). C
from Eq. (A26) into Eq. (A 19) then provides the area
distribution in the central arc as

a(x) =am(w/wm) 2/3 (A28)

Here x(w) and w(x) must be calculated from Eqs. (A22) and
(A26), again with wM = l. Perhaps the most interesting
property of the solution is the performance index M, which
compares the presumed minimum mass to that of the uniform
cylindrical column with equal buckling load. From Eqs. (A8),
(A28), and intermediate formulas for w(*) it can be shown
that

rCOS "

VI r
+ _ a2 v; - w2/3

2ir L2wr
+ - (A29)

Figure 28 illustrates the dependence of M on am. Values
range from VJ/2 for the unconstrained column (am =0)*** to
unity at the point am - 1 where the end load is so great that the
requirement on compressive strength begins to dominate the
design. Some representative area distributions are plotted on
the figure. By way of confirmation of the present results, it is
remarked that Haug and Arora7 employ the simply supported
column as an illustrative example in their text, where it is
solved both by finite-element methods and by numerical
integration of an equation that is equivalent to Eq. (A20)
combined with Eqs. (A15) and (A18). For the 11 values of P
appearing in Table 6.1 of Ref. 7, data computed by the author
agree within an accuracy of better than ±1.5%.

It is clear from Fig. 28 and the preceding development that
the dimensionless optimum-column solutions depend only on
the single parameter am. When these results are to be em-
ployed for sizing a physical column of known length L and
compressive load P, one must also specify Young's modulus

***Whereas mass savings ranging only up to 13.4% are not
dramatic, it is remarked that many other function-space solutions
yield better dividends. Compare, for instance, certain optimum
torsional cantilevers published by Armand and Vitte.176
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Fig. 28 Dependence of performance index (mass) M on parameter
am for minimum-mass, solid Euler columns of fixed length and end
load. Sketches at top show variations of dimensionless cross-sectional
radius with distance from center to one end for five typical columns.

and an allowable stress oc for the material. The minimum area
is then

Am=P/ac (A30)

When divided by A0 from Eq. (A5), Eq. (A30) yields

am=Am/A0 = ^f^^EP/2Lac (A31)

Given am < 1 and A0, details of the column's dimensions can
be readily calculated from Fig. 28 and such formulas as Eqs.
(A24), (A25), and (A28).

The questions of sufficiency and uniqueness of the
foregoing optima have not been addressed. First of all, it is
remarked that a qualitative examination of solutions obtained
from necessary conditions is usually adequate to ensure their
practical usefulness and that this appears to be true of the
column problem. But exceptions certainly exist, as witness
Breakwell and Shoaee.71 The sufficiency issue is treated,
among many others, in Sees. 6.1-6.3 of Bryson and Ho.3

Based on requiring the second variation of M to be locally
positive, the most important requirement is the condition of
Legendre and Clebsch, which may be written here as the
scalar relation

da2 0<x<l

In the central arc, for example, it is easy to derive

82H
da2 :

3_
a

(A32)

(A33)

which is clearly positive. In the two uniform arcs, moreover,
the second derivative is proportional to w2 as given by Eq.
(A23); the vanishing of this result at the endpoints is not
believed to invalidate the sufficiency test.
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